Cassini's formula and Catalan's formula are two results from the theory of Fibonacci numbers. This article derives results similar to these, however instead of applying to Fibonacci numbers, they are applied to polygonal numbers and simplex numbers. Triangular numbers are considered first. We then generalize to polygonal and simplex numbers. For polygonal numbers the properties of determinants are used to simplify calculations. For simplex numbers Pascal's Theorem is used.
INTRODUCTION
The Fibonacci sequence is defined by the following recurrence relation:
Definition 1:
, The first few Fibonacci numbers are: 1, 1, 2, 3, 5, 8, 13, 21, … The following proposition follows from Definition 1.
Problem 2:
Given the sequence: { } , we would like to find a simple characterization of the sequence { }, such that:
Throughout this article the previous equation shall be called Catalan's formula for the sequence { }. Clearly, Cassini's formula is a special case of Catalan's formula. Thus, if we can solve Problem 2, then the solution to Problem 1 will follow as the special case where k=1. The focus of this article is on solving these two problems for two special classes of sequences. These are the sequence of polygonal numbers and the sequence of simplex numbers. Section 2 of this article solves Problems 1 and 2 for the sequence of triangular numbers. Triangular numbers are a good place to start because, as the reader will soon see, they are both polygonal numbers and simplex numbers. Section 3 of this article solves Problem 2 for the sequence of polygonal numbers. The solution to Problem 1 for polygonal numbers then follows as a corollary. Finally, Section 4 of this article solves Problem 1 for the sequence of simplex numbers.
TRIANGULAR NUMBERS
The sequence of triangular numbers is defined by the following recurrence relation:
Definition 2
, Triangular numbers have the property that if is a triangular number then objects can be arranged to form a triangle. The first four triangular numbers are: 1, 3, 6, and 10. These four numbers can be arranged into triangles as follows: 
Proposition 2 ∑
We now derive a Cassini like formula for the sequence of triangular numbers using Proposition 2: = = = = = Thus we have the following Theorem.
Theorem 1: (Cassini's Formula for Triangular Numbers)
, for every positive integer . This theorem appears in [2] . Also take note, that every major result derived in this article, is in some way or another, a generalization of Theorem 1. We now derive a generalization of Theorem 1. Once again we shall use Proposition 2. We now present an alternative proof of Theorem 2. This proof involves the following lemmas. Lemma 1 is the definition of the determinant of a two by two matrix. Lemmas 2 and 3 are properties of determinants of a two by two matrix. These properties can be generalized to a square matrix of any size see [3] , however for the purpose of this article, properties of two by two matrices will suffice. The theory of determinants simplifies the alternate proof of theorem 2 although it is not entirely necessary. Lemma 4, which appears in [2] , states that the sum of two consecutive triangular numbers is a square number. Lemmas 5 and 6, which also appear in [2] , follow from Proposition 2 of triangular numbers as a sum. ∑ , since there are terms in this series = We are now ready to give the alternate proof of Theorem 2. We begin by expressing the left side of the equation in terms of determinants. We then simplify the expression using the previous lemmas. 
POLYGONAL NUMBERS
Polygonal numbers are defined by the following recurrence relation:
Definition 3
, m and n are positive integers, , Polygonal numbers have the property that if is the nth m-gonal number then objects can be arranged to form a polygon with sides. For example and so 22 objects can be arranged to form a pentagon as follows:
The following propositions follow from Definition 3.
Proposition 3
∑ we let then Definition 3 is the same as Definition 2, while Proposition 3 is the same as Proposition 2. But Definition 2 and Proposition 2 involve triangular numbers. Thus, , so the polygonal numbers are a generalization of the triangular numbers. It now follows that the Catalan like formula for the polygonal numbers, which we will derive shortly, is a generalization of Theorem 2. The proof of the general version of Theorem 2 is very similar to the second proof of Theorem 2. Once again determinants are used to simplify the calculations. First we require two lemmas, which are generalizations of Lemmas 5 and 6. 
SIMPLEX NUMBERS
Simplex numbers are defined by following recurrence relation:
Definition 4
, , An m-simplex is an m dimensional equivalent of a triangle. M-simplex numbers have the property that if is the nth msimplex number then objects can be arranged to form an m-simplex. M-simplex numbers also appear as the diagonal entries in Pascal's triangle. That is to say, that is the nth entry on the mth diagonal of Pascal's triangle. Definition 4 can be used to prove the following two Propositions.
Proposition 4 ∑

Definition 5
The factorial function denoted read as "n factorial" is defined as follows:
Also we take
Definition 6
The binomial coefficient denoted ( ) read as "n choose r" is defined as follows: . Thus, triangular numbers are a special case of simplex numbers. That is, . We now derive a Cassini like formula for simplex numbers using the following Lemma, which is commonly known as Pascal's Theorem.
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) , by Pascal's Theorem = , by Proposition 5
We now have the following theorem.
Theorem 4 (Cassini's Formula for Simplex Numbers)
=
CONCLUSION
In this paper we have derived Cassini and Catalan like formulas for triangular numbers. We then generalized by using the theory of determinants to derive similar formulas for polygonal numbers. Clearly, Cassini and Catalan like formulas for triangular numbers are a special case of Cassini and Catalan like formulas for polygonal numbers. We then generalized in another direction by using Pascal's Theorem to derive a Cassini like formula for simplex numbers.
